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KA¨HLER MANIFOLDS WITH QUASI-CONSTANT
HOLOMORPHIC CURVATURE.
W lodzimierz Jelonek
Abstract. The aim of this paper is to classify compact Ka¨hler manifolds with
quasi-constant holomorphic sectional curvature.
0. Introduction. The aim of the present paper is to classify compact,
simply connected Ka¨hler manifolds (M, g, J) admitting a global, 2-dimensional, J-
invariant distribution D having the following property: The holomorphic curvature
K(π) = R(X, JX, JX,X) of any J-invariant 2-plane π ⊂ TxM , where X ∈ π and
g(X,X) = 1, depends only on the point x and the number |XD| =
√
g(XD, XD),
where XD is an orthogonal projection of X on D. In this case we have
R(X, JX, JX,X) = φ(x, |XD |)
where φ(x, t) = a(x) + b(x)t2 + c(x)t4 and a, b, c are smooth functions on M . Also
R = aΠ+bΦ+cΨ for certain curvature tensors Π,Φ,Ψ ∈
⊗4
X
∗(M) of Ka¨hler type.
The investigation of such manifolds, called QCH Ka¨hler manifolds, was started by
G. Ganchev and V. Mihova in [G-M-1],[G-M-2]. In our paper we shall use their
local results to obtain a global classification of such manifolds under the assump-
tion that dimM = 2n ≥ 6. By E we shall denote the (dimM − 2)-dimensional
distribution which is the orthogonal complement of D in TM . If X is a local
unit section of D then {X, JX} is a local orthonormal basis of D and the function
κ =
√
(divEX)2 + (divEJX)2 does not depend on the choice of X . We classify com-
pact, simply connected QCH Ka¨hler manifolds satisfying the conditions int B = ∅
and U 6= ∅ where B = {x ∈ U : b(x) = 0}, U = {x ∈M : κ(x) 6= 0}. First we show
that (M, g, J) admits a global holomorphic Killing vector field with a Killing poten-
tial, which is a special Ka¨hler-Ricci potential. Next we use the results of Derdzin´ski
and Maschler [D-M-1], who classified compact Ka¨hler manifolds admitting special
Ka¨hler-Ricci potentials. As a corollary we prove that every compact, simply con-
nected QCH Ka¨hler manifold with κ 6= 0 and an analytic Riemannian metric g
is a holomorphic CP1-bundle over CPn−1 (with D being an integrable distribution
whose leaves are the CP1 fibers of the bundle) or it is CPn with a metric of constant
holomorphic sectional curvature ( in this case D is any J-invariant 2-dimensional
distribution on CPn with κ 6= 0; however, such distributions may not exist).
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1. Special frame. Let (M, g, J) be a 2n-dimensional Ka¨hler manifold with
a 2-dimensional J-invariant distribution D. Let X(M) denote the algebra of all
differentiable vector fields on M and Γ(D) denote the set of local sections of the
distribution D. If X ∈ X(M) then by X♭ we shall denote the 1-form φ ∈ X∗(M)
dual to X with respect to g, i.e. φ(Y ) = X♭(Y ) = g(X,Y ). By Ω we shall denote
the Ka¨hler form of (M, g, J) i.e. Ω(X,Y ) = g(JX, Y ). Let us denote by E the
distribution D⊥, which is a 2(n− 1)-dimensional, J-invariant distribution. By h,m
respectively we shall denote the tensors h = g ◦ (pD × pD),m = g ◦ (pE × pE),
where pD, pE are the orthogonal projections on D, E respectively. It follows that
g = h +m. By ω we shall denote the Ka¨hler form of D i.e. ω(X,Y ) = h(JX, Y )
and by Ωm the Ka¨hler form of E i.e. Ωm(X,Y ) = m(JX, Y ). For any local section
X ∈ Γ(D) we define divEX = trm∇X♭ = mij∇eiX
♭(ej) where {e1, e2, ..., e2(n−1)}
is any basis of E and [mij ] is a matrix inverse to [mij ], where mij = m(ei, ej).
Note that if f ∈ C∞(M) then divE(fX) = fdivEX in the case X ∈ Γ(D). Let
ξ ∈ Γ(D) be a unit local section of D. Then {ξ, Jξ} is an orthonormal basis of D.
Let θ(X) = g(ξ,X) and Jθ = −θ ◦ J which means that Jθ(X) = g(Jξ,X). Let us
denote by κ the function
(1.1) κ =
√
(divEξ)2 + (divEJξ)2.
The function κ does not depend on the choice of a section ξ. In fact, if ξ′ = aξ+bJξ,
where a, b ∈ C∞(domξ) and a2 + b2 = 1 is another unit section of D, then Jξ′ =
−bξ + aJξ and
(divEξ
′)2 + (divEJξ
′)2 = (adivEξ + bdivEJξ)
2 + (−bdivEξ + adivEJξ)
2(1.2)
= (divEξ)
2 + (divEJξ)
2.
Hence κ is a well defined, continuous function on M , which is smooth in the open
set U = {x : κ(x) 6= 0}. We shall now show that on U there is a smooth, global unit
section ξ ∈ Γ(U,D) defined uniquely up to a sign such that divEJξ = 0. Namely,
if ξ′ is a local unit section of Γ(U,D) then then the section ξ = 1
κ
((divEξ
′)ξ′ +
(divEJξ)Jξ
′) satisfies divEJξ =
1
κ
((divEξ
′)(divEJξ
′) − (divEJξ′)(divEξ′)) = 0 and
does not depend on the choice of ξ′. On the other hand it is clear that the only
other such smooth section is −ξ. The section ξ constructed above and defined on
U ⊂M we shall call the principal section of D. Note that divEξ = κ.
2. Curvature tensor of a QCH Ka¨hler manifold. We shall recall some
results from [G-M-1]. Let R(X,Y )Z = ([∇X ,∇Y ]−∇[X,Y ])Z and let us write
R(X,Y, Z,W ) = g(R(X,Y )Z,W ).
If R is the curvature tensor of a QCH Ka¨hler manifold (M, g, J), then there exist
functions a, b, c ∈ C∞(M) such that
(2.1) R = aΠ+ bΦ+ cΨ,
where Π is the standard Ka¨hler tensor of constant holomorphic curvature i.e.
Π(X,Y, Z, U) =
1
4
(g(Y, Z)g(X,U)− g(X,Z)g(Y, U)(2.2)
+g(JY, Z)g(JX,U)− g(JX,Z)g(JY, U)− 2g(JX, Y )g(JZ,U)),
KA¨HLER MANIFOLDS WITH QUASI-CONSTANT HOLOMORPHIC CURVATURE. 3
the tensor Φ is defined by the following relation
Φ(X,Y, Z, U) =
1
8
(g(Y, Z)h(X,U)− g(X,Z)h(Y, U)(2.3)
+g(X,U)h(Y, Z)− g(Y, U)h(X,Z) + g(JY, Z)ω(X,U)
−g(JX,Z)ω(Y, U) + g(JX,U)ω(Y, Z)− g(JY, U)ω(X,Z)
−2g(JX, Y )ω(Z,U)− 2g(JZ,U)ω(X,Y )),
and finally
(2.4) Ψ(X,Y, Z, U) = −ω(X,Y )ω(Z,U) = −(ω ⊗ ω)(X,Y, Z, U).
Let V = (V, g, J) be a real 2n dimensional vector space with complex structure
J which is skew-symmetric with respect to the scalar product g on V . Let assume
further that V = D ⊕ E where D is a 2-dimensional, J-invariant subspace of
V , E denotes its orthogonal complement in V . Note that the tensors Π,Φ,Ψ
given above are of Ka¨hler type. It is easy to check that for a unit vector X ∈
V Π(X, JX, JX,X) = 1,Φ(X, JX, JX,X) = |XD|2,Ψ(X, JX, JX,X) = |XD|4,
where XD means an orthogonal projection of a vector X on the subspace D and
|X | =
√
g(X,X). It follows that for a tensor (2.1) defined on V we have
R(X, JX, JX,X) = φ(|XD|)
where φ(t) = a+ bt2 + ct4.
Now let us assume that (M, g, J) is a QCH Ka¨hler manifold of dimension 2n ≥ 6
and let X be a local unit section of D and η(Z) = g(X,Z). Let us define two
1-forms ǫ, ǫ∗ by the formulas: ǫ(Z) = g(pE(∇XX), Z) = g(∇XX,Z) − pJη(Z),
ǫ∗(Z) = g(pE(∇JXJX), Z) = g(∇JXJX,Z)−p∗η(Z) where p = g(∇XX, JX),p∗ =
g(∇JXJX,X) and pE denotes the orthogonal projection on E . Note that the dis-
tribution D is integrable if and only if ǫ+ ǫ∗ = 0 (see [G-M-1], Lemma 3.3). In fact
for Z ∈ Γ(E) we have
g([X, JX ], Z) = g(∇XJX −∇JXX,Z) = g(J∇XJX − J∇JXX, JZ)
= −g(∇XX +∇JXJX, JZ) = −(ǫ(JZ) + ǫ
∗(JZ)).
Let {Zλ} be any complex basis of the complex subbundle E1,0 of the complex
tangent bundle T cM = C⊗TM . We also write Zλ¯ = Z¯λ. Then the Bianchi identity
for the tensor R of the form (2.1) gives the following relations (see Theorem 3.5 in
[G-M-1]) :
∇a =
bdivEX
2(n− 1)
X +
bdivEJX
2(n− 1)
JX,(2.5)
∇b =
(b+ 4c)divEX
n− 1
X +
(b+ 4c)divEJX
n− 1
JX,
b∇Zλη(Zµ) = 0, c∇Zλη(Zµ) = 0,
b(∇Zλη(Zµ¯)−
divEX
2(n− 1)
gλµ¯ +
divEJX
2(n− 1)
Ωλµ¯) = 0
c(∇Zλη(Zµ¯)−
divEX
2(n− 1)
gλµ¯ +
divEJX
2(n− 1)
Ωλµ¯) = 0
bǫ(Zλ) = 0, bǫ
∗(Zλ) = 0
c(ǫ(Zλ) + ǫ
∗(Zλ)) = dc(Zλ).
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In particular in U = {x ∈M : κ(x) 6= 0} we obtain
∇a =
b
2(n− 1)
κξ(2.6)
∇b =
(b+ 4c)
n− 1
κξ,
where ξ is the principal section of the bundle D. In the rest of the paper we shall
assume that the set U = {x : κ(x) 6= 0} is non-empty and the set B = {x ∈ U :
b(x) = 0} has an empty interior. Thus we obtain
∇Zλη(Zµ) = 0,(2.7)
∇Zλη(Zµ¯)−
divEX
2(n− 1)
gλµ¯ +
divEJX
2(n− 1)
Ωλµ¯ = 0
ǫ = 0, ǫ∗ = 0.
It follows that the distribution DU is integrable. In U we get
(2.8) ∇Zλη(Zµ¯) =
κ
2(n− 1)
gλµ¯.
Let ξ be the principal section of D defined in U and let θ = ξ♭ be the dual 1-form
of ξ. Then in U
(2.9) da =
b
2(n− 1)
κθ, db =
(b+ 4c)
n− 1
κθ.
It follows that the distribution ∆ = {X ∈ TU : θ(X) = 0} defined in U is
integrable. From (2.7) and (2.8) it follows that ∇θ(JX, JY ) = ∇θ(X,Y ) forX,Y ∈
Γ(E). It is also clear that
dJθ|E =
κ
n− 1
Ω|E .
Thus the distribution E|U is the so called B0 -distribution defined in [G-M-1]. Con-
sequently we obtain (see [G-M-1], Lemma 5.1):
(2.10) ∇Xθ(Y ) =
κ
2(n− 1)
m(X,Y ) + pθ(x)Jθ(Y )− p∗Jθ(X)Jθ(Y ),
If dimM = 2n ≥ 6 we also have dθ = p θ∧Jθ, p = g(∇ξξ, Jξ) = 0 and consequently
(see Lemma 5.2 in [G-M-1] and its proof): ∇ξξ = 0, dθ = 0,
(2.11) d lnκ = −(
κ
n− 1
+ p∗)θ, dp∗ ∧ θ = 0.
Thus
(2.12) ∇Xθ(Y ) =
κ
2(n− 1)
m(X,Y )− p∗Jθ(X)Jθ(Y ),
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If (M, g, J) is a QCH Ka¨hler manifold then one can show that the Ricci tensor ρ
of (M, g, J) satisfies the equation
(2.13) ρ(X,Y ) = λm(X,Y ) + µh(X,Y )
where λ = n+12 a+
b
4 , µ =
n+1
2 a+
n+3
4 b+c are eigenvalues of ρ (see [G-M-1], Corollary
2.1 and Remark 2.1.) In particular the distributions E ,D are eigendistributions of
the tensor ρ corresponding to the eigenvalues λ, µ of ρ.
3. Local holomorphic Killing vector field on U . Let (M, g, J) be a QCH
Ka¨hler manifold of dimension 2n ≥ 6. We shall show in this section that for every
x ∈ U there exists an open neighborhood V ⊂ U of x and a function f ∈ C∞(V )
such that XV = fJξ is a Killing vector field in V , which we shall call a local special
Killing vector field. Let V be a geodesically convex neighborhood of x in U . Then
V is contractible. Note that the form φ = −p∗θ, where p∗ = g(∇JξJξ, ξ) is closed
in U , since by (2.11), dφ = −dp∗ ∧ θ = 0. Consequently there exists a function
F ∈ C∞(V ) such that
(3.1) dF = φ = −p∗θ.
Let f = exp ◦F . From (2.12) it follows that
(3.2) ∇XJθ(Y ) =
κ
2(n− 1)
Ωm(X,Y ) + p
∗Jθ(X)θ(Y ),
Now let ψ = (fJξ)♭ = fJθ. We shall show that ∇Xψ(Y ) = −∇Y ψ(X) which
means that the field fJξ is a Killing vector field in V .We get
(3.3) ∇X(fJθ)(Y ) = XfJθ(Y ) + f
κ
2(n− 1)
Ωm(X,Y ) + fp
∗Jθ(X)θ(Y ),
Since Xf = fXF = −fp∗θ(X) we obtain
∇X(fJθ)(Y ) = f
κ
2(n− 1)
Ωm(X,Y )− fp
∗θ ∧ Jθ(X,Y ) =(3.4)
f
κ
2(n− 1)
Ωm(X,Y )− fp
∗ω(X,Y ),
which proves our claim. Note that if F1 is another solution of (3.1) then F1 = F+D
for a certain constant D ∈ R. It follows that f1 = expF1 = CF , where C = expD.
Consequently X1 = f1Jξ = CfJξ = CX . Recall here the well known general fact,
that if X,Y ∈ iso(M) are Killing vector fields on connected Riemannian manifold
M , X 6= 0 and Y = fX for a certain f ∈ C∞(M) then f is constant.
Let φ = fξ♭. Now it is clear that
(3.5) ∇Xφ(Y ) = ∇X(fθ)(Y ) = f
κ
2(n− 1)
m(X,Y )− fp∗h(X,Y )
and ∇X(fθ)(Y ) = ∇Y (fθ)(X). Consequently d(fθ) = 0. It follows that there
exists a function τ ∈ C∞(V ) such that fξ = ∇τ . Consequently XV = fJξ =
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J(∇τ), which means that XV is a holomorphic Killing vector field with a Ka¨hler
potential τ .
4. Special Jacobi fields along geodesics in U . Let c : [0, l]→M be a unit
geodesic such that c([0, l)) ⊂ U and c(l) ∈ K = {x ∈ M : κ(x) = 0}. A vector
field C, which is a Jacobi field along c i.e. ∇2c˙C − R(c˙, C)c˙ = 0, will be called a
special Jacobi field if there exists an open, geodesically convex neighborhood V of
c(0) such that C(0) = XV (c(0)),∇c˙C(0) = ∇c˙XV (c(0)). If im c ∩ V = c([0, ǫ))
then it follows that XV (c(t)) = C(t) for all t ∈ [0, ǫ). We have the following lemma:
Lemma 4.1. Let us assume that a vector field C along a geodesic c is a special
Jacobi field along c. Then
lim
t→l
|C(t)| = 0,
and
g(c˙, C) = 0.
Proof. Let us note that g(∇c˙C, c˙) = 0 since this property is valid for Killing
vector fields. It follows that the function g(c˙, C) is constant. Let k ∈ (0, l). Then
c([0, k]) ⊂ U . For every t ∈ [0, k) there exists a geodesically convex open neigh-
borhood Vt of the point c(t) and a special Killing vector field XVt = ftJξ on Vt
defined in Section 3. The field XVt is defined uniquely up to a constant factor.
From the cover {Vt} : t ∈ [0, k] of the compact set c([0, k]) we can choose a finite
subcover {Vt1 , Vt2 , ..., Vtm}. Let ci be the part of geodesic c contained in Vi = Vti ,
i.e. im c ∩ Vi = im ci = c((ti, ti+1)). We define the Killing vector field Xi in every
Vi = Vti by induction in such a way that X1 = XV on V1 ∩ V and Xi = Xi+1 on
Vi ∩ Vi+1. Let Xi = fiJξ. Note that C(t) = Xi ◦ c(t) = fiJξ ◦ c(t) for t ∈ (ti, ti+1).
Consequently, on Vi, |C| = fi. From (2.11) and (3.1) it follows that
d lnκ = d ln fi −
κ
n− 1
θ.
Hence
(4.1)
d
dt
lnκ ◦ c(t) =
d
dt
ln |C(t)| −
κ
n− 1
θ(c˙(t)),
and
(4.2)
d
dt
ln
κ ◦ c(t)
|C(t)|
= −
κ
n− 1
θ(c˙(t)).
Consequently
(4.3) ln
κ ◦ c(k)
|C(k)|
− ln
κ ◦ c(0)
|C(0)|
= −
1
n− 1
∫ k
0
κθ(c˙(t))dt.
Hence
(4.4) ln |C(k)| = lnκ ◦ c(k)− ln
κ ◦ c(0)
|C(0)|
+
1
n− 1
∫ k
0
κθ(c˙(t))dt.
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Note that
(4.5) |
∫ k
0
κθ(c˙(t))dt| ≤
∫ k
0
|κθ(c˙(t))|dt ≤
∫ k
0
κ|c˙(t)|dt ≤
∫ k
0
κdt.
Let κ0 = sup{κ(x) : x ∈ c([0, l])}. From (4.4) it follows that
(4.6) ln |C(k)| ≤ lnκ ◦ c(k)− ln
κ ◦ c(0)
|C(0)|
+
1
n− 1
κ0l.
Consequently
(4.7) lim sup
k→l−
ln |C(k)| ≤ lim
k→l−
lnκ ◦ c(k)− ln
κ ◦ c(0)
|C(0)|
+
1
n− 1
κ0l = −∞.
From (4.7) it is clear that limk→l− |C(k)| = 0. Since |g(c˙(t), C(t)) ≤ |C(t)| and
g(c˙, C) is constant it follows that |g(c˙(t), C(t))| ≤ limt→l |C(t)| = 0 which means
that g(c˙, C) = 0.♦
5. Global holomorphic Killing vector field on M . From now on we
assume that (M, g, J) is a complete QCH Ka¨hler manifold, dimM ≥ 6 and the
set U = {x ∈ M : κ(x) 6= 0} is non-empty and B has an empty interior. Let
K = {x ∈M : κ(x) = 0}.
Theorem 5.1. The set U is connected and the set K has an empty interior.
Proof. Let U1 be a non-empty component of the set U = M −K. Let x0 ∈ U1
and let us assume the set int K∪(U−U1) is non-empty. Let x1 ∈ int K∪(U−U1).
Then x1 = expx0 lX for a certain unit vector X ∈ Tx0M and l > 0. Let V ⊂ U1 be
a geodesically convex neighborhood of x0 and XV = fV Jξ the local Killing vector
field on V . Let C be the Jacobi vector field along the geodesic c(t) = expx0 tX
satisfying the initial conditions:C(0) = XV (x0),∇c˙C(0) = ∇c˙XV (x0). It follows
that the field C is a special Jacobi field along c. In particular g(X,XV (x0)) = 0
since the geodesic c meets K. Since the set int K ∪ (U − U1) is open there exists
an open neighborhood W ⊂ int K ∪ (U − U1) of the point x1. The mapping
Tx0M ∋ Y → expx0 lY ∈M is continuous hence there exists an open neighborhood
P ofX in Tx0M such that expx0 lP ⊂ int K∪(U−U1). We can find a vectorX1 ∈ P
such that g(X1, XV (x0)) 6= 0. The field C1 along the geodesic d(t) = expx0 tX1
defined by the initial conditions C1(0) = XV (x0),∇d˙C1(0) = ∇d˙(0)XV is a special
Jacobi field along a geodesic d which meets K. It follows that g(d˙, C1) = 0 along
d. In particular for t = 0 we obtain g(X1, XV (x0)) = 0 which is a contradiction.
Consequently int K ∪ (U − U1) = ∅.♦
Corollary 5.2. Let us assume that (M, g, J) is a complete QCH Ka¨hler man-
ifold, dimM ≥ 6, the set U = {x ∈ M : κ(x) 6= 0} is non-empty and B has an
empty interior. Then the distribution D is totally geodesic, i.e. ∇XY ∈ Γ(D) for
every X,Y ∈ Γ(D).
Proof. Let ∇XY = pD(∇XY ) + α(X,Y ) where α(X,Y ) = pE(∇XY ) and α is a
section of the bundle D∗⊗D∗⊗E . Since D is integrable α is a symmetric two-form.
We shall show that α = 0. The bundle D|U is spanned by the sections ξ, Jξ and
hence locally by −fξ = JX,X = fJξ where X is a special Killing field defined in
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domf = V ⊂ U . Note that g(X,X) = f2 and ∇XX = −
1
2∇[g(X,X)] = −f∇f .
Thus (see (3.1)) ∇XX = f2p∗ξ ∈ Γ(D). Since X is a holomorphic Killing vector
field it follows that [X, JX ] = LX(JX) = J [X,X ] = 0. Hence ∇XJX = ∇JXX
and ∇XJX = J∇XX = Xfξ + f
2∇ξξ = Xfξ ∈ Γ(D) since ∇ξξ = 0. Finally
∇JXJX = J(∇JXX) = XfJξ ∈ Γ(D). It follows that α(X,X) = α(X, JX) =
α(JX, JX) = 0 and α|U = 0. Since U is dense in M it follows that α = 0 in M . ♦
Let x0 ∈ U and let V = expx0 W be a geodesically convex open neighborhood of
x0, where W ⊂ Tx0M is a star shaped open neighborhood of 0 ∈ Tx0M . For every
X ∈W let l(X) = sup{t : tX ∈ W}. Hence if the sphere Sǫ = {X ∈ Tx0M : |X | =
ǫ} is contained in W − exp−1x0 (K) then W = {tX : X ∈ Sǫ, t ∈ [0, l(X))}. In an
open neighborhood V ′ ⊂ V −K of x0 there is defined a special Killing vector field
XV ′ = fV ′Jξ. Let Z = XV ′(x0) ∈ Tx0M so that H = {X ∈ Tx0M : gx0(X,Z) = 0}
is a hyperplane in Tx0M . Note that exp
−1
x0
(V ∩K) ⊂ H . Let a function k : Sǫ → R
be defined as follows: k(X) = l(X) if x /∈ H and k(X) = inf{t > 0 : exp(tX) ∈ K}
if X ∈ H . The set W ′ = {tX : X ∈ Sǫ, t ∈ [0, k(X))} is open and star shaped.
Note that V ′′ = expx0 W
′ ⊂ V −K ⊂ U , V ′′ is dense in V , and V ′′ is contractible.
It follows that in V ′′ there is defined a special local Killing vector field XV ′′ . We
can assume that XV ′ = XV ′′ on V
′. Now we can prove:
Lemma 5.3 On every geodesically convex open set V in M can be defined a
holomorphic Killing vector field X such that for every open geodesically convex set
W ⊂ V ∩ U the restriction X|W is a special Killing vector field on W .
Proof. We shall use the notation introduced above. Since V ′′ is contractible
there exists a special Killing vector field XV ′′ defined on V
′′. Let us define a
differentiable field X on V by the formula: X(expx0 u) = Ju(1) where u ∈ W
and Ju is a Jacobi vector field along a geodesic c(t) = expx0(tu) satisfying the
initial conditions:Ju(0) = XV ′′(x0),∇c˙Ju(0) = ∇uXV ′′ . It is clear that X is a
differentiable vector field and that X|V ′′ = XV ′′ . Since the set V
′′ is dense in
V it follows that X is a Killing vector field in V . In fact if we write T = ∇X
then for every Y, Z ∈ X(V ) we have g(TY, Z) = −g(Y, TZ) on V ′′ and both sides
are differentiable functions on V . Thus the relation remains valid on V which
means that X is a Killing vector field on V . Note that X = 0 on V ∩ K. Since
equation (3.5) is valid on the open, dense subset V − K of V it follows that the
form φ = −(JX)♭ satisfies the relation ∇Y φ(Z) = ∇Zφ(Y ) for every Y, Z ∈ X(V ).
Consequently JX = −∇τ for a certain function τ ∈ C∞(V ) and X = J∇τ on V .
Since ∇JY φ(JZ) = ∇Y φ(Z) on V ′′ and hence on V for every Y, Z ∈ X(V ) it is
clear that X is holomorphic. ♦
Let V1, V2 be two open, geodesically convex sets. Then the set V1 ∩ V2 − K is
connected. The proof of this is similar to the proof of Theorem 5.1. Since the
sets V ′′1 ⊂ V1 −K, V
′′
2 ⊂ V2 −K are contractible there exist special Killing vector
fields X1 = f1Jξ,X2 = f2Jξ on these sets. These Killing fields can be extended
on V1 −K,V2 −K in such a way that fi = expFi where Fi satisfy equation (3.1).
Consequently d(F1−F2) = 0 on the connected set V1∩V2−K. Hence F1 = F2+D
in V1∩V2−K for a constantD ∈ R. ConsequentlyX1 = C12X2 where C12 = expD.
The fields X1, X2 can be extended to the Killing fields on V1, V2 respectively such
that Xi|K∩Vi = 0. It is clear that for these extensions which we also denote by
X1, X2 the equation
X1 = C12X2
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holds on V1 ∩ V2.
Let us recall the definition of a special Ka¨hler-Ricci potential ([D-M-1],[D-M-2]).
Definition. A nonconstant function τ ∈ C∞(M), where (M, g, J) is a Ka¨hler
manifold, is called a special Ka¨hler-Ricci potential if the field X = J(∇τ) is a
Killing vector field and, at every point with dτ 6= 0 all nonzero tangent vectors
orthogonal to the fields X, JX are eigenvectors of both ∇dτ and the Ricci tensor ρ
of (M, g, J).
Now we shall prove:
Theorem 5.4. Let (M, g, J) be a complete QCH Ka¨hler manifold of dimension
2n ≥ 6. Let intB = ∅ and U 6= ∅. If H1(M,R) = 0 then there exists on M a
non-zero holomorphic Killing vector field X = J(∇τ) with a special Ka¨hler-Ricci
potential τ .
Proof. Let {Vi} : i ∈ I be a cover of M by geodesically convex, open sets Vi.
Let Xi be a Killing vector field on Vi constructed in Lemma 5.2. Let Vi ∩ Vj 6= ∅.
Then there exist constants Cij > 0 such that Xi = CijXj on Vi ∩ Vj . These
constants satisfy the co-cycle condition CijCjkCki = 1. Consequently the constants
Dij = lnCij ∈ R satisfy the co-cycle condition Dij +Djk+Dki = 0. It follows that
{Dij} is a co-cycle in the first Cˇech cohomology group H˘1({Vi},R). Since {Vi}
is a good cover of M it follows that H˘1({Vi},R) = H˘1(M,R) = 0. Consequently
there exists a co-cycle {Di} ∈ Z0({Vi},R) such that {Dij} = δ({Di}). This means
that Dij = Dj − Di. Let Ci = expDi. Then Cij =
Cj
Ci
. Let us define the field
X on M by the formula X|Vi = CiXi. Then it is clear that X is a well defined,
global vector field and X ∈ X(M). Since X|Vi is a Killing vector field on every Vi it
follows that X is a Killing vector field. Now let φ = −(JX)♭. Then dφ = 0, since
this equation is satisfied on every Vi. On the other hand the first de Rham group
of M vanishes: H1(M,R) = H˘1(M,R) = 0. Consequently there exists a function
τ ∈ C∞(M), such that φ = dτ . Note also that ∇dφ is Hermitian, which means
that X is holomorphic. Thus X = J(∇τ) is a holomorphic Killing vector field with
a Killing potential τ . Note that in view of (2.12) and (3.5) the special Killing field
constructed by us is a Killing vector field with a special Ka¨hler-Ricci potential τ .
♦
Corollary 5.5. Let (M, g, J) be a complete QCH Ka¨hler manifold of dimension
2n ≥ 6. Let intB = ∅, U 6= ∅ and let (M˜, g˜) be the Riemannian universal covering
space of (M, g, J). Then there exists on (M˜, g˜) a non-zero holomorphic Killing
vector field with a special Ka¨hler-Ricci potential.
6. Construction of QCH Ka¨hler manifolds. In our construction we shall
follow Be´rard Bergery (see [Ber], [S]) rather then Derdzin´ski and Maschler, although
we shall use the classification theorem by Derdzin´ski and Maschler ([D-M-1]) to
classify QCH Ka¨hler manifolds. Note that these two approaches are equivalent (see
[D-M-2]). Let (N, h, J) be a simply connected Ka¨hler Einstein manifold, which
is not Ricci flat and dimN = 2m > 2. Let s ≥ 0, L > 0, s ∈ Q, L ∈ R and
r : [0, L]→ R be a positive, smooth function on [0, L] with r′(t) > 0 for t ∈ (0, L),
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which is even at 0 and L, i.e. there exists an ǫ > 0 and even, smooth functions
r1, r2 : (−ǫ, ǫ) → R such that r(t) = r1(t) for t ∈ [0, ǫ) and r(t) = r2(L − t) for
t ∈ (L−ǫ, L]. If s 6= 0 then it is clear that the function f = 2
s
rr′ is positive on (0, L)
and f(0) = f(L) = 0. Let P be a circle bundle over N classified by the integral
cohomology class s2 c1(N) ∈ H
2(N,R) if c1(M) 6= 0. Let q be the unique positive
integer such that c1(N) = qα where α ∈ H2(N,R) is an indivisible integral class.
Then
s =
2k
q
; k ∈ Z.
It is known that q = n if N = CPn−1 (see [Bes], p.273). Note that c1(N) =
{ 12πρN} = {
τN
4mπΩN} where ρN =
τN
2mΩN is the Ricci form of (N, h, J), τN is the
scalar curvature of (N, h) and ΩN is the Ka¨hler form of (N, h, J). We can assume
that τN = ±4m. In the case c1(N) = 0 we shall assume that (N, h, J) is a Hodge
manifold, i.e. the cohomology class { s2πΩN} is an integral class. On the bundle
p : P → N there exists a connection form θ such that dθ = sp∗ΩN where p : P → N
is the bundle projection. Let us consider the manifold (0, L)× P with the metric
(6.1) g = dt2 + f(t)2θ2 + r(t)2p∗h,
if s 6= 0 and the metric
(6.2) g = dt2 + f(t)2θ2 + p∗h,
if s = 0. The metric (6.2) is a Ka¨hler product metric. The metric 6.1 is Ka¨hler if
and only if f = 2rr
′
s
. We shall prove it in section 8. It is known that the metric
(6.1) extends to a metric on a sphere bundle M = P ×S1 CP
1 if and only if the
function r is positive and smooth on (0, L), even at the points 0, L, the function f
is positive, smooth an odd at the points 0, L and additionally
(6.3) f ′(0) = 1, f ′(L) = −1.
If f = 2rr
′
s
for r as above, then (6.3) means that
(6.4) 2r(0)r′′(0) = s, 2r(L)r′′(L) = −s.
7. Circle bundles. Let (N, h, J) be a Ka¨hler manifold with integral class
{ s2πΩN}, where s ∈ Q and let p : P → N be a circle bundle with a connection
form θ such that dθ = sΩN (see [K]). We shall assume that (N, h) is Einstein if
dim N > 2. Let us consider a Riemannian metric g on P given by
(7.1) g = a2θ ⊗ θ + b2p∗h
where a, b ∈ R. Let ξ be the fundamental vector field of the action of S1 on P i.e.
θ(ξ) = 1, Lξg = 0. It follows that ξ ∈ iso(P ) and a2θ = g(ξ, .). Consequently
(7.2) a2dθ(X,Y ) = 2g(TX, Y )
for every X,Y ∈ X(P ) where TX = ∇Xξ. Note that g(ξ, ξ) = a
2 is constant, hence
Tξ = 0. On the other hand dθ(X,Y ) = sp∗ΩN (X,Y ) = sh(Jp(X), p(Y )). Note
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that there exists a tensor field J˜ on P such that J˜ξ = 0 and J˜(X) = (JX∗)
H where
X = XH∗ ∈ TP is the horizontal lift of X∗ ∈ TN (i.e. θ(X
H
∗ ) = 0) and X∗ = p(X).
Indeed LξT = 0 and Tξ = 0 hence T is the horizontal lift of the tensor T˜ . Now
J˜ = 2b
2
sa2
T˜ . Since Tξ = 0 we get ∇T (X, ξ)+T 2X = 0 and R(X, ξ)ξ = −T 2X . Thus
g(R(X, ξ)ξ,X) = ||TX ||2 and
ρ(ξ, ξ) = ||T ||2 =
sa4
4b4
2m.
Consequently
(7.3) λ = ρ(
ξ
a
,
ξ
a
) =
1
a2
||T ||2 =
s2a2
4b4
m.
We shall compute the O’Neill tensor A (see [ON]) of the Riemannian submersion
p : (P, g)→ (N, b2h). We have
AEF = V(∇HEHF ) +H(∇HEVF ).
Let us write u = V(∇HEHF ) and v = H(∇HEVF ). The vertical component of
a field E equals θ(E)ξ. If X,Y ∈ H then
(7.4) g(∇XY,
1
a
ξ) =
1
a
(Xg(Y, ξ)− g(Y,∇Xξ)) = −
1
a
g(TX, Y ) =
1
a
g(X,TY ).
Hence u = 1
a
g(E − θ(E)ξ, T (F − θ(F )ξ) ξ
a
= 1
a2
g(E, TF )ξ. Note that H(∇Xfξ) =
fH(∇Xξ) = fTX , hence
v = H(∇HEVF ) = θ(F )T (E) =
1
a2
g(ξ, F )TE.
Consequently
(7.5) AEF =
1
a2
(g(E, TF )ξ + g(ξ, F )TE).
If U, V ∈ H then
||AUV ||
2 =
1
a2
g(E, TF )2 =
s2a2
4b4
g(E, J˜F )2.
If E is horizontal and F is vertical then
(7.6) AEF =
1
a2
g(ξ, F )TE.
Hence AEξ = TE and ||AEξ||
2 = ||TE||2 = s
2a4
4b4 . It follows that
K(PEξ) =
s2a2
4b4
,
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where K(PEF ) denotes the sectional curvature of the plane generated by vectors
E,F . If E,F ∈ H then
K(PEF ) = K∗(PE∗F∗)−
3g(E, TF )2
a2||E ∧ F ||2
,
where E∗ denotes the projection of E on M i.e. E∗ = p(E). Thus
(7.7) K(PEF ) =
1
b2
K0(PE∗F∗)−
3s2a2g(E, J˜F )2
4b4||E ∧ F ||2
,
where K0 stands for the sectional curvature of the metric h on N . Applying this
we get for any E ∈ H the formula for the Ricci tensor ρ of (M, g):
ρ(E,E) =
1
b2
ρ0(bE∗, bE∗)−
3s2a2
4b4
+
s2a2
4b4
,
where ρ0 is a Ricci tensor of (M,h). Hence
µ =
µ0
b2
−
s2a2
2b4
,
where ρ0 = µ0g0. Now we shall find a formula for R(X, ξ)Y where X,Y ∈ H. We
have R(X, ξ)Y = ∇T (X,Y ) and
∇T (X,Y ) = ∇X(T (Y ))− T (∇XY ) = ∇
∗
X∗
(T˜ Y ∗) +
1
2
V [X,TY ](7.8)
−(T˜ (∇∗X∗Y∗))
∗ =
1
2
V [X,TY ] = −
1
2
sp∗ΩN (X,TY )ξ = −
s2a2
4b2
h(X∗, Y∗)ξ
Consequently R(X,Y, Z, ξ) = 0 for X,Y, Z ∈ H,and
(7.9) R(X, ξ, Y, ξ) = −
s2a4
4b2
h(X∗, Y∗).
8. Riemannian submersion p : (0, L)× P → (0, L). In this case the O’Neill
tensor A = 0. We shall compute the O’Neill tensor T (see [ON]). Let us denote
by Y ∗ the horizontal lift of the vector Y ∈ TN with respect to the Riemannian
submersion pN : P → N i.e. pN(Y
∗) = Y, g(Y ∗, ξ) = 0. Let H = ddt be the
horizontal vector field for this submersion and D be the distribution spanned by
the vector fields H, ξ. If U, V ∈ V and g(U, V ) = 0 then T (U, V ) = 0. Let
U ∈ V , g(U, ξ) = 0 and U = U∗∗ with h(U∗, U∗) = 1, then the following formula
holds
(8.1) T (U,U) = −rr′H.
In fact 2g(∇UV,H) = −Hg(U, V ) = −2rr′h(U∗, V∗) if U = V or 0 if g(U, V ) = 0.
We also have
(8.2) T (ξ, ξ) = −ff ′H.
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Now we shall prove that the almost complex structure defined by
JH =
1
f
ξ, JX = (J∗X∗)
∗ for X = (X∗)
∗ ∈ E = D⊥
where X∗ ∈ TN , is a Ka¨hler structure with respect to the metric g. We have for
horizontal lifts X,Y ∈ X(P ) ⊂ X((0, L) × P ) of the fields X∗, Y∗ ∈ X(N) ( with
respect to the submersion described in the Section 7):
∇J(Y,X) = ∇Y (JX)− J(∇YX) = ∇
∗
Y∗(J∗(X∗))
∗ −
1
2
dθ(Y, JX)ξ
+T (Y, JX)− J(∇∗Y∗(X∗)
∗ −
1
2
dθ(Y,X)ξ + T (Y,X)) =
−
1
2
sh(JY, JX)fJH − rr′h(Y, JX)H −
1
2
sh(JY,X)fH + h(X,Y )rr′JH = 0
if and only if f = 2rr
′
s . Since the distribution D is totally geodesic and two-
dimensional it is clear that ∇J(X,Y ) = 0 if X,Y ∈ Γ(D). Now we shall show
that
∇J(H,X) = ∇J(X,H) = 0 for X ∈ E .
It is easy to show that ∇XH = ∇HX =
r′
r X and
∇X(JH) = ∇X(
1
f
ξ) =
1
f
T (X) =
sf
2r2
JX.
On the other hand
∇X(JH) = ∇J(X,H) + J(∇XH) = ∇J(X,H) +
r′
r
J(X).
Thus ∇J(X,H) = 0 if f = 2rr
′
s
. Similarly
∇H(JX) = ∇JXH =
r′
r
JX = ∇J(H,X) + J(∇HX) = ∇J(H,X) +
r′
r
JX
and ∇J(H,X) = 0. Note that the Ka¨hler form Ω = fdt ∧ θ + r2p∗ΩN of almost
Hermitian manifold ((0, L)×P, g, J) is closed, which means that the structure J is
almost Ka¨hler. Thus ∇J(JX, Y ) = −J∇J(X,Y ) and consequently ∇ξJ = 0 which
finishes the proof. Let U, V,W ∈ V and g(U, ξ) = g(V, ξ) = g(W, ξ) = 0. Then
R(U, V, ξ,W ) = Rˆ(U, V, ξ,W )− g(T (U, ξ), T (V,W )) + g(T (V, ξ), T (U,W )) = 0.
From O’Neill formulae it follows also that
R(JH,U, V, JH) = 0
if g(U, V ) = 0 and
(8.3) R(JH,U, U, JH) =
s2f2
4r4
+
f ′r′
fr
,
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for a unit vector field U as above. Note also that the distribution D spanned by
the vector fields ξ,H is totally geodesic. Consequently if X,Y, Z ∈ Γ(D) and V is
as above then
(8.4) R(X,Y, Z, V ) = 0.
Theorem 8.1. The Ka¨hler metric g = dt2 + (2rr
′
s )
2θ2 + r2p∗h on the manifold
(0, L)×P has quasi-constant holomorphic sectional curvature if and only if dimN =
2 or the Ka¨hler manifold (N, h) has constant holomorphic sectional curvature and
dimN ≥ 4.
Proof. Let X = X∗ + αH + βJH , where X∗ ∈ E = D⊥. Let us assume that
g(X,X) = 1. Note that |XD|
2 = α2 + β2 and |X∗|2 = 1 − |XD|
2 and JH = 1f ξ
where f = 2rr
′
s . We also have
R(X∗ + αH + βJH, JX∗ + αJH − βH, JX∗ + αJH − βH,X∗ + αH + βJH) =
a4R(H, JH, JH,H)− a2β2R(H, JH,H, JH) + β4R(JH,H,H, JH)
−α2β2R(JH,H, JH,H) + α2R(H, JX∗, JH,X∗) + α2R(H, JX∗, JX∗, H)
+α2R(X∗, JH, JX∗, H) + α2R(X∗, JH, JH,X∗) + β2R(JH, JX∗,−H,X∗)
β2R(JH, JX∗, JX∗, JH) + β2R(X∗, H,H,X∗) + β2R(X∗,−H, JX∗, JH)
+2α2R(H, JH, JX∗, X∗)− 2β2R(JH,H, JX∗, X∗)
+R(X∗, JX∗, JX∗, X∗) = |XD|
4R(H, JH, JH,H) + 8|XD|
2R(H, JX∗, JX∗, H)
+R(X∗, JX∗, JX∗, X∗) = |XD|
4R(H, JH, JH,H)+
8|XD|
2(1− |XD|
2)R(JH, X˜∗, X˜∗, JH) + (1− |XD|
2)2R(X˜∗, JX˜∗, JX˜∗, X˜∗)
where X˜∗ = 1|X∗|X
∗ if X∗ 6= 0 or X˜∗ = 0 if X∗ = 0.
From (8.5) it follows that R(X∗+αH + βJH, JX∗+αJH − βH, JX∗+αJH −
βH,X∗ + αH + βJH) depends only on |XD| and the point x ∈ (0, L) × P if and
only if R(X˜∗, JX˜∗, JX˜∗, X˜∗) does not depend on the unit vector X˜∗. It follows
that dimN = 2 or dimN ≥ 4 and at every point x ∈ N the holomorphic sectional
curvature of (N, h) is constant. In fact from O’Neill formulae ([ON]) it follows that
R(X˜∗, JX˜∗, JX˜∗, X˜∗) = R∗(X˜
∗, JX˜∗, JX˜∗, X˜∗)− g(T (X˜∗, X˜∗), T (JX˜∗, JX˜∗))
+2g(A(X˜∗, JX˜∗), A(JX˜∗, X˜∗))− g(A(JX˜∗, X˜∗), A(JX˜∗, X˜∗))
= R∗(X˜
∗, JX˜∗, JX˜∗, X˜∗)− 4
(r′)2
r2
=
c0
r2
− 4
(r′)2
r2
,
where we used the formula A(E,F ) = s2r2 g(E, J˜F )ξ. Note that if (N, h, J) has
constant holomorphic sectional curvature c0 then the coefficient a in the formula
(2.1) for the tensor R equals a = c0
r2
− 4 (r
′)2
r2
and is non-constant. Note that
divEH = 2(n − 1)
r′
r and divEξ = 0. In particular κ = 2(n − 1)
r′
r 6= 0 on an open
and dense subset. ♦
Remark. Note that in the case s = 0 we also get a Ka¨hler manifold with QCH
metric and a special Killing Ricci potential. However in this case κ = 0 on the
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whole of (0, L) × P . Let g0 be any smooth, Riemannian metric on CP
1. If h is a
metric of constant holomorphic sectional curvature onCPn, then the product (CP1×
CP
n−1, g0×h) is a compact, simply connected manifold QCH Ka¨hler manifold (with
respect to the distribution whose leaves are submanifols CP1×{x}, for x ∈ CPn−1),
having κ = 0 and, in general, not admitting a special Ka¨hler-Ricci potential.
9. QCH Ka¨hler manifolds with real analytic Riemannian metric. We
start with :
Lemma 9.1. Let us assume that (M, g, J) is a (connected, complete) QCH
Ka¨hler manifold with a real analytic metric g and dim M ≥ 6. Then int B = ∅ or
b = 0 and (M, g, J) has a constant holomorphic sectional curvature.
Proof. We can find local coordinates (x1, x2, ..., x2n) such that gαβ are real
analytic, where gαβ = g(∂α, ∂β) and ∂α =
∂
∂xα
. Analogously ραβ = ρ(∂α, ∂β) are
real analytic functions. If g(SX, Y ) = ρ(X,Y ), where ρ is the Ricci tensor of
(M, g, J), then Sβα = g
γβραγ where S∂α = S
β
α∂β . It follows that the functions S
β
α
are analytic. Consequently the polynomial φ(t) = det(S − tI) has real analytic
coefficients. Thus if b = 0 in open set V ⊂ U then also c = 0 on V and S = λI on
V for a constant λ ∈ R. This means that φ(t) = (λ − t)2n in V and consequently
on the whole of M . Thus S = λI on the whole of M . It follows (see (2.13)) that
n+1
2 a +
b
4 is constant on the whole of M and
n+2
4 b + c = 0 on the whole of M .
Consequently b+ 4c = −(n+ 1)b. From (2.9) we get in U −B:
(9.1) ξ(ln |b|) = −
n+ 1
n− 1
κ
Let t → c(t) be a unit geodesic joining a point c(0) = x ∈ U − B with a point
c(l) = y ∈ B. Note that |c˙(ln |b|)| ≤ |ξ(ln |b|)| = n+1
n−1κ. Thus we obtain ln |b| ◦c(t)−
ln |b| ◦ c(0) ≥ −n+1
n−1
∫ t
0 κ ◦ c(s)ds ≥ −
n+1
n−1κ0l where 0 ≤ κ ◦ c(s) ≤ κ0 = supc([0,l]) κ.
It is clear now that U−B = ∅ and b = 0 in U . It follows that in the case of analytic
metric the assumption int B 6= ∅ implies b = 0, c = 0 on the whole of U and hence
on M which means that (M, g, J) has constant holomorphic sectional curvature.♦
Now we shall prove
Theorem 9.2. Let (M, g, J) be a compact, simply connected QCH Ka¨hler man-
ifold of dimension 2n ≥ 6. If κ 6= 0 and int B = ∅ then M is a CP1-bundle over
CP
n−1 with a metric homothetic to the metric (6.1) where s 6= 0, f = 2rr
′
s , s =
2k
n , k ∈ N, r satisfies the boundary conditions (6.4) and h is a Ka¨hler metric of
constant holomorphic sectional curvature on CPn−1.
Proof. From Theorem 5.3 it follows that (M, g, J) is a compact Ka¨hler manifold
admitting a special Killing-Ricci potential. From the classification of such manifolds
given by Derdzin´ski and Maschler ( see [D-M-1]) it follows that M is a holomorphic
CP
1-bundle over a compact, simply connected Einstein-Ka¨hler manifold (N, h), i.e.
r is given by formulae (6.1) or (6.2) with f, r satisfying the initial conditions. Since
κ 6= 0 it follows that s 6= 0 and the metric is homethetic to the metric (6.1) with
f = 2rr
′
s
where r is a smooth function, positive on (0, L), even at 0, L and with
r′ > 0 satisfying the boundary conditions (6.4). As (M, g, J) is a QCH Ka¨hler
manifold it follows that (N, h) is compact, simply connected Ka¨hler manifold of
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constant holomorphic curvature, which means that N = CPn−1 with a standard
Fubini-Study metric.♦
Theorem 9.3. Let (M, g, J) be a compact, simply connected QCH Ka¨hler man-
ifold of dimension 2n ≥ 6 with an analytic Riemannian metric g. If κ 6= 0 then
M is a CP1-bundle over CPn−1 with a metric homothetic to the metric (6.1) where
s 6= 0, f = 2rr
′
s
, s = 2k
n
, k ∈ N with r ∈ Cω(R), r satisfies the boundary condi-
tions (6.4) and h is a Ka¨hler metric of constant holomorphic sectional curvature
on CPn−1 with scalar curvature 4(n− 1) or (M, g, J) is a projective complex space
CPn with a metric homothetic to the standard Fubini-Study metric.
Proof. If the metric g is analytic then int B = ∅ or {x : b(x) = 0, c(x) = 0} =M .
In the first case we apply Theorem 9.2 and in the second case (M, g, J) has constant
holomorphic sectional curvature at every point x ∈M which means that (M, g, J)
has constant holomorphic sectional curvature (see [K-N], Chapter 9, Theorem 7.5,
p.158 of Russian translation). Since M is compact and simply connected it follows
(see [K-N], Chapter 9, Theorems 7.8, 7.9 pp.160-161) that M = CPn with a metric
homothetic to the standard Fubini-Study metric. ♦
Remark. Note, that the tangent bundle TCPn may not admit any complex line
subbundle. This is the case if n = 2 (TCP2 does not contain any two-dimensional,
oriented real subbundle, see [H-H]). Thus CP2 does not admit any J-invariant two-
dimensional global distribution D and cannot be a QCH Ka¨hler manifold.
Now we show that there are uncountably many analytic functions r satisfying
the boundary conditions (6.4). Note first that the function (r′)2 is a function of r
alone, i.e. (r′)2 = P (r) for a certain function P which is smooth if r is smooth.
We shall give a family of analytic functions P which are polynomials of degree
3, parameterized by the real numbers x, y where im r = [x, y] which give rise to
functions r satisfying the boundary conditions (6.4) and thus giving examples of
QCH Ka¨hler manifolds. In that way we show one of the method of constructing
such functions. Let 0 < x < y and let us consider a polynomial
(9.2) P (t) = −
s(x+ y)
y − x
+
s(x2 + 3sxy + y2)
xy(y − x)
t−
2s(x+ y)
xy(y − x)
t2 +
s
xy(y − x)
t3.
Then P (x) = P (y) = 0 and P (t) > 0 for t ∈ (x, y) and
(9.3) P ′(x)x = s, P ′(y)y = −s.
Let us consider the ordinary differential equation
(9.4) r′′ =
1
2
P ′(r)
with the initial conditions r(0) = x, r′(0) = 0. Then any solution r of (9.4) is an
analytic function r ∈ Cω(R). Let L > 0 be the first point such that r(L) = y. Then
for t ∈ (0, L) we have
(9.5) r′(t) =
√
P (r).
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Note that
(9.6) L =
∫ y
x
dt√
P (t)
.
The function r is even at both points 0, L. In fact we have r′(0) = 0, r′(L) = 0
and r satisfies (9.4). It follows that r(2k−1)(0) = r(2k−1)(L) = 0 for k ∈ N. Since
r ∈ Cω(R) it follows that r is even at 0, L. In view of (9.5) r′(t) > 0 for every
t ∈ (0, L). We also have
2r(0)r′′(0) = 2x
1
2
P ′(x) = xP ′(x) = s
2r(L)r′′(L) = 2y
1
2
P ′(y) = yP ′(y) = −s.
It follows that the metric g = dt2 + (2rr
′
s
)2θ2 + r2p∗h on (0, L) × P where L
is given by (9.6) and r is the solution of (9.4) extends to an analytic metric on
the CP1-bundle M = P ×S1 CP
1. Note that the special Killing-Ricci potential
is τ = r
2
s and the holomorphic Killing vector field corresponding to it is ξ with
g(ξ, ξ) = f2 = (2rr
′
s )
2. We also have κ = 2(n− 1) r
′
r .
Theorem 9.4. Let (M, g, J) be a complete QCH Ka¨hler manifold of dimension
2n ≥ 6 and an analytic Riemannian metric g. If κ 6= 0 then int B = ∅, the
set U = {x ∈ M : κ(x) 6= 0} is open and dense in M and every point x ∈
U has a neighborhood V ⊂ U biholomorphic to the manifold (α, β) × P with the
metric (6.1) where s 6= 0, f = 2rr
′
s , s ∈ R with r ∈ C
ω(R), P is a circle bundle
over a Ka¨hler manifold (N, h) and h is a Ka¨hler metric of constant holomorphic
sectional curvature or b = 0 and M has a metric of constant holomorphic sectional
curvature.
Proof. The proof follows from Section 3, Lemma 9.1, Theorem 5.1 and from
[D-M-2] (see Theorem 18.1).♦
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